Abstract: This paper proposes a continuous perturbation treatment of the nonlinear equations of a cable, which is characterized by possible aeroelastic instability and internal resonance conditions. The objective is to evaluate the influence of stable modes (called passive) usually ignored when discretizing the model. The first step concerns the description of the structural equilibrium path under the action of the mean wind forces. Then, a multiple scale perturbation analysis of the integro-differential equations of motion is performed. Analyzing the stability of the reduced system, the existence of some limit cycles and of successive bifurcations is investigated. The comparison with previous papers, developed in the discrete field, allows clarification of the actual influence of the static equilibrium path and the contribution of passive modes.
INTRODUCTION
Iced cables subjected to wind action can experience a phenomenon of aeroelastic instability, called galloping, which occurs at relatively low wind speed. Galloping manifests itself by oscillations of great amplitude, which become stable on limit cycles or are divergent over time, according to the nonlinear characteristics of the system. The phenomenon is generally well described by a single degree-of-freedom (dof) model (called active dof), that can be derived from a sectional model (e.g. Blevins, 1990) or deduced by the discretization of a continuous model (e.g. Novak, 1969) . Indeed, the ignored stable modes (called passive) often give a marginal contribution to the motion1 for this reason the instability shape is called mono-modal galloping. However, if the natural frequencies of the mechanical model are in integer ratios 1 : 1, 1 : 2, . . . , that is if the system is in internal resonance conditions, more modes can be involved in the motion. Because of the strong modal coupling due to resonance, the unstable motion significantly excites the stable modes, thus originating multimodal galloping.
The problem has been studied by the authors in the linear field, with a two-dof sectional model in 1 : 1 internal resonance (Luongo and Piccardo, 2005) , and in the nonlinear
THE MODEL
Let us consider a cable as an elastic mono-dimensional continuum of Cauchy, subjected to its dead weight, to inertial and viscous forces, and to aerodynamic actions driven by an air fluid flow of mean velocity U, with U 2 3U3. The following configurations can be distinguished ( Figure 1 ): (a) the initial configuration of equilibrium 1 0 , where the cable is subjected solely to the self-weight 4mga y (Figure 1 as well as to inertial and viscous forces (Figure 1(c) ). The configuration 1 0 lies on a vertical plane. The configuration 1 is assumed planar too, supposing that the binormal component 5 b a1 2 b a 6 a 1 of the steady aerodynamic force is constant along the cable. Calling 1 the angle that the plane containing 1 sets up with the vertical, equilibrium requires that
from which it is possible to deduce the equilibrium path 1 2 12U 4. The aim is to describe the motion in a small, but finite, neighbourhood of 1.
The mechanical model
By referring all the quantities to the reference configuration 1, the motion of the cable is governed by the following equations:
The first equation (2) is the incremental equilibrium equation, where t is the tension in the actual configuration 1, t is the tension in 1, 1 b :2 1 b a 8 1 b 8 is the specific incremental force of volume, comprehensive of the aerodynamic and viscous forces1 x is the position occupied by the generic material point in 11 the apex and the dot denote differentiation with respect to the material abscissa s and to time t, respectively. The second equation (2) is the compatibility equation, in which 5 2 d S6ds 4 1 is the specific strain, with dS and ds the element lengths in 1 and 1, respectively. The third and fourth equations (2) express the constitutive law1 according to them, the tension t is directed along the tangent dx6ds to the cable axis, and its modulus T 2 3t3 grows with the axial rigidity E A proportionally to the strain 5, starting from the value 5 T assumed in the reference configuration 1.
where T 0 is the initial tension in 1 0 (i.e. in no-wind conditions), and the tilde has been omitted. Differently from previous approaches (Lee and Perkins, 19921 Luongo and Piccardo, 1998) a new definition of non-dimensional quantities has been adopted since a variable, fictitious, gravity force now acts on the inclined plane where the equilibrium is set. In equations (9) the incremental forces b i assume expressions formally similar to (8), with the steady component deducted. However, in order to simplify their expression and according to results obtained in Luongo and Piccardo (1998) , the quadratic terms are neglected leading to
i 2 13 27 (11)
The non-dimensional coefficients c i j and c i jkl are reported in the Appendix1 they depend on the non-dimensional wind velocity , defined by the penultimate equation (10). The coefficients c 11 and c 22 also include viscous damping, assumed here as linear.
PERTURBATION ANALYSIS
The equations of motion (9) are solved through the Multiple Scale Method. It is well known that this method furnishes the bifurcation equations that rule the time evolution of amplitude and phase related to active modes (Luongo et al., 2003) . When it is directly applied to partial derivative equations, it automatically takes into account the contribution of passive modes, which manifest themselves through the origin of "secondary modes", that are responsible for the spatial alteration of oscillation shapes, induced by the presence of nonlinearities (Rega et al., 1999) . The unknown displacements are developed in series of a perturbation parameter 5 1:
Then independent time scales are introduced t n 2 5 n t 2n 2 03 13 24, so that the first and second time-derivatives are expressed as D and an out-of-plane mode (having a frequency equal to 1 ) is expressed through a detuning parameter 2 O214: 2 2 2 1 8 5 7
The following perturbation equations are thus obtained. The equations (14)- (16) have to be integrated with their boundary conditions u ik 203 t n 4 2 03 u ik 213 t n 4 2 0 2i 2 13 2 k 2 13 23 33 7 7 7 47
Equations (14) admit the following solution:
where k (s) are the eigenfunctions of the Hamiltonian system, corresponding to the two resonant frequencies1 A k are the complex amplitudes, which are unknowns functions of the slow times1 the term c.c. denotes the complex conjugate. By substituting equations (17) into the right side of equations (15) and imposing the condition that it is orthogonal to solutions of the associated homogenous problem (solvability condition), we have:
where I i are integrals of the eigenfunctions k (s) and their derivatives (see the Appendix). By substituting equations (18) into equations (15) 
where the "secondary modes" i j (s) are solution of the ordinary differential problems that are reported in the Appendix. They describe the alteration of the spatial shape of the re-THE AEROELASTIC STABILITY OF SUSPENDED CABLES 143 sponse, each of which is associated with a harmonic that takes part in the motion (base, sum and difference). By substituting equations (18) and (19) into equations (16), and applying again the solvability condition, it is found that
where the coefficients p are functions of the non-dimensional velocity and are defined in the Appendix. Finally, by combining equations (18) and (20) 
where two new coefficients appear, also defined in the Appendix. Equations (22) are formally identical to those already found in Luongo and Piccardo (1998) , but the expression for coefficients p is very different because of the presence of the secondary modes , which were previously absent.
AMPLITUDE EQUATION ANALYSIS
The fixed points 2a 1 3 a 2 3 4 of the dynamical system (22) correspond to steady-state solutions of the original system (9). By truncating the expansion (12) at the 5 2 -order, steady-state solutions of equations (22) 
are the amplitude-dependent frequencies of the periodic motion (non-linear frequencies). In equations (24) the terms p 1 and p 5 represent the correction of the linear undamped frequencies due to the damping terms c i j 2i3 j 2 13 24. At the leading order the in-plane displacement u 2 oscillates at a frequency double that of the out-of-plane displacement u 1 , with a phase-difference . From the analysis of equations (22) the existence of the following branches of fixed points is proved (Luongo and Piccardo 1998) where the apex cr means that quantities are evaluated at 2 cr . Two different solutions of equations (25) exist: a 2 -bifurcation, a 1 2 0, a 2 2 0 when c cr 22 2 01 a 1 -bifurcation, a 1 2 0, a 2 2 0 when c cr 11 2 0. In the first case the branch bifurcates in a 2 -direction, while, in the second case, it bifurcates in a 1 -direction. However, if the static rotation of cable is null (1 2 0), the coefficient c 11 is always negative for any value of , due to the physics of the problem (the drag coefficient c d is positive for any kind of cross-section)1 therefore, critical conditions in a 1 -direction can occur for high value of rotation 1 only (i.e. very large mean wind speed). In both cases galloping is mono-modal, since only one mode is triggered at bifurcation. In the sequel of the paper the name "branch II" denotes a bifurcation in a 2 -direction.
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Finally, the bifurcation of branch II is analyzed. To this end one looks for the existence of two-component solutions (a 1 2 0, a 2 2 0) close to the branch 2a 1 3 a 2 4 2 203 a 2 244. By resolving the limit of equations (22) 
where the apex 0 means that coefficients c and p are evaluated at 2 0 1 the second part of equation (22) doesn't appear, since it reduces to an identity at the leading order. Equations (26) are a non-linear algebraic system in the two unknowns, 0 and 0 . Each solution of this system determines a bifurcation point on the branch II, from which a branch III originates. Bi-modal galloping occurs along this path as a consequence of the non-linear interaction between the two internally resonant modes, mainly governed by quadratic mechanical terms. Concerning the role of secondary modes on the fixed point branches, it should be noted that they appear only in the bifurcation of branch II through some of the coefficients p in the second part of equation (26). Therefore, their influence on system stability is limited to bimodal galloping cases1 their effective importance can be verified on numerical examples. On the other hand, the secondary modes can notably modify the shape of steady-state solutions through the spatial functions 2s43 as clearly highlighted by equations (23).
NUMERICAL RESULTS
In order to numerically verify the analytical procedure, a real iced cable, already investigated in the literature through a discrete solution (Luongo and Piccardo, 1998) , has been taken into account. This basic example concerns a U-shaped conductor with a symmetric section having its maximum ice eccentricity opposite to the mean wind1 the idealized aerodynamic coefficients are: c d 2 4 2 170833 8 0773594 2 , c l 2 4 2 4175979 8 4777362 3 , that are assumed valid in the range 4076 076. This cross-section is more prone to galloping when the angle of attack is zero. The cable has a diameter of 2.81 cm, a mass of 1.80 kg/m (ice included), damping coefficients equal to 0.44% and axial rigidity of 2977 10 6 N. First, following the literature approach, the aerodynamic coefficients are evaluated in the initial configuration of equilibrium 1 0 , that is for 2 0, and are maintained constant when the mean wind velocity is varying. The implications of this hypothesis will be considered further on. In no-wind conditions the cable is characterized by the non-dimensional coefficients 2 1165 and 2 071851 therefore, according to the Irvine parameter 2 2 2 4 2 , the cable is close to the first cross-over point ( 1 2 1, 2 2 2700663). When the nondimensional mean wind velocity is varying, the equilibrium path 1 2 124 is deduced (Figure 3(a) ). As a consequence, the cable mechanical parameters are modified1 Figure 3 T and in the cable parameter , respectively.
By solving the eigenvalue problem of the linearized equations of cable, one obtains the behaviour of the frequencies of active modes (Figure 4(a) )1 when assumes values greater than 0.3, the cable begins to sensibly move away from the initial condition of internal resonance 1 : 2. The real part of the eigenvalues (Figure 4(b) ) has been deduced from the linear terms of the amplitude equations (22)1 it is characterized by a first point of bifurcation B 1 , at a relatively low wind velocity, and a re-entry bifurcation point B 4 , both on the in-plane eigenvalue 2 . In particular, the point B 4 doesn't appear in the classic galloping problems deduced from sectional models (Blevins, 1990) and it is clearly due to the modification induced by the static rotation 1. By surveying the expressions for non-dimensional linear aerodynamic coefficients c i j (reported in the Appendix) it is evident that their values can be altered by the presence of angle 1. Even if the cross-section is initially symmetrical, as in the present example, the linear aerodynamic damping matrix is always full for any value of (i.e. 1) different from zero. From the observation that cable parameters vary with , it follows that a family of cables is considered, exploring a range of mean wind velocities. Therefore, both the primary modes i (s) and the secondary modes (s) of the cable undergo changes when is growing (Figure 5) . In particular, the tangent at the boundaries of the in-plane mode 2 (s) rotates (becoming similar to taut string modes), whereas the out-of-plane mode is unchanged (Figure 5(a) ). Secondary modes (Figure 5 is possible to neglect the contribution of passive modes and, therefore, to have a solution comparable to the discrete approaches in the literature (Luongo and Piccardo 1998) . Since the generic differential equation in 2s4 is of the type L2s4 4 b2s4 2 0, with L :2 D 8 2 2 , the one-mode Galerkin approximation furnishes where j 2 13 2 according to whether is related to the first or second primary mode of the cable. Figure 5 (b)-(h) highlights that in some cases the Galerkin approximation is good or very good ( 1 , 2 , 12 ), whereas in others it leads to rough approximations. This fact implies that, at least potentially, passive modes could influence the response of such a system. To verify the extent of such an occurrence the analysis of nonlinear post-critical paths is necessary. Figure 6 shows a comparison between the continuous system, with a correct evaluation of passive modes, and an equivalent discrete system, where the secondary modes are approximated by equation (27) . The post-critical branches present all the cases outlined in the previous section. Concerning the non-linear in-plane frequency (Figure 6(b) ), it originates from the linear damped frequency, close to 2 2 2, it has a softening behaviour until a 2 reaches a maximum, then it has a hardening behaviour until a 2 vanishes. It should be noted that this example is marginally influenced by passive modes, both for the motion amplitudes and for the non-linear frequencies. An explanation of this result can be found by analyzing in more detail equations (26) governing the bifurcation points B 2 and B 3 (between branches II and III). In them, the sole terms influenced by secondary modes are the linear and the cubic terms in the second part of (26). But the linear term depends on p 1 and p 5 coefficients, which in turn depend on 1 and 2 , which are well approximated by the Galerkin procedure. Therefore, one needs to have a sufficiently high value of in-plane amplitude a 2 to obtain a significant contribution by secondary modes. On the other hand, the branch II has a characteristic "bell" shape due to the alteration induced by the static rotation 1, which causes a decreasing of aerodynamic forces starting from the worst conditions (i.e. from the value of coefficients more prone to galloping). Thus, it's not so easy to reach high value of in-plane amplitude for this system typology. Comparison of the steady-state time-histories and trajectories ( Figure 7 , obtained for 2 07194, close to the maximum value of out-of-plane amplitude a 1 ) confirms the previous observations. In the middle point of the cable (s 2 075) there is a slight difference in the maximum values and in the frequency of the in-plane mo-THE AEROELASTIC STABILITY OF SUSPENDED CABLES 149 tion. A little more relevant variations appear at the quarter point (s 2 0725) concerning the maximum amplitude of the in-plane oscillations.
In order to verify this kind of behaviour on other examples, a non-symmetric crosssection in no-wind conditions is considered, again taken from previous papers (Luongo and Piccardo 1998) . The cross-section is still a U-shaped conductor, but now stressed by a rotated flow of about 44 with respect to the symmetry axis. As regards the basic example this new iced section has thus different aerodynamic coefficients and mass (2.00 kg/m ice included) since it has a greater ice thickness. The post-critical branches and the non-linear frequencies are depicted in Figure 8 . As regards the foregoing example no substantial difference appears. The complete in-plane amplitude and non-linear frequency are slightly more distinct from the approximate ones, but this fact is attributable to the greater level of oscillations that this cross-section permits (and not on the different type of section geometry in no-wind conditions). An attempt to amplify differences between the two levels of solution has been taken into account, modifying the aerodynamic characteristics of the cross-section (the value of the first derivate of the drag coefficient, c 7 d , has been increased to 3). In this way the amplitudes of active modes are notably increased obtaining a more remarkable difference between the complete solution and the approximate one (Figure 9 ). In any case the branch III (Figure 9(a) ) is rather self-limiting and doesn't permit to obtain still larger alterations. The steady-state trajectories (Figure 9(b) ) highlight an appreciable modification of the in-plane motion.
Finally, concerning the aerodynamic description of the cross-section (Section 2.2) two different levels of approximation can be assumed (Figure 10(a) ). The first approach, adopted until now, considers the aerodynamic coefficients calculated in the initial configuration 1 0 THE AEROELASTIC STABILITY OF SUSPENDED CABLES 151 ( 2 0), without any modification of their value during the computation. The second approach, surely more precise but not present in the literature to the author's knowledge, computes the aerodynamic coefficients in the reference configuration 1, that is for the angle of attack equal to the static rotation, unless the sign ( 2 41). A first comparison between the two different approaches concerns the evaluation of the equilibrium path 1 2 124, shown in Figure 10 (b) for the basic cross-section1 the alterations are remarkable, even for limited values of mean wind velocity. This fact can involve very important changes in the post-critical branches. Figure 11 (a) shows the active modal amplitudes related to the two different levels Aerodynamic coefficients are related to the basic example.
of approximation, starting from the cross-section aerodynamic parameters more prone to galloping in no-wind conditions. The first bifurcation point remains unchanged but the re-entry point is notably influenced by the alteration of the value of aerodynamic coefficients due to the static rotation. As a consequence the post-critical branches are greatly modified. The aerodynamic coefficients move away from the more dangerous values when is increasing, thus the branch III is completely destroyed. If the analysis starts with the same cross-section rotated in an initial position suitably distinct from the more prone to galloping (e.g. 5 away, Figure 11 (b)), the cable arrives at the more dangerous configuration just in the proximity of the first bifurcation point B 1 . In this way branches reach a larger development, with the return of branch III, but the post-critical behaviour is significantly different from that obtained with unchanged aerodynamic properties. Starting the analysis with cross-sections ever more initially rotated (i.e. 2 10 , 15 , 20 ), the instability may be found at higher critical velocities but the phenomenon is not simply translated in the wind-speed range (Figure 12) . Actually, all the cases examined are completely enveloped by the basic example obtained with constant aerodynamic coefficients. This fact confirms that, for the same aerodynamic characteristics, the re-entry bifurcation is mainly governed by the mean flow, which implies an inclined equilibrium position (Figure 10(a) ). Moreover, the nonlinear behaviours are very diversified when the initial position of the section is varying, with the possibility of achieving a bi-modal galloping only if the in-plane amplitude a 2 reaches sufficiently high values.
CONCLUSIONS AND PERSPECTIVES
This paper is concerned with the analysis of the aeroelastic behaviour of cables with small sag-to-span ratio, in internal resonance conditions, subjected to a uniform wind. The Multiple Scale Method has been applied to the partial derivative non-linear equations of motion,
